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1. INTRODUCTION 

Cabri was born because during the 70
th

 a reseacher who wanted to display graphs on the 

screens of computers met situations as the one discribed below. 

He succeeded to program dynamic segments so that, from the initial representation of a graph 

linking a, b, c and d to 1, 2, 3 and 4, he displayed by dragging the representation of this graph 

as a cube in parallel perspective 

 

  



It was the beginning of Cabri, a dymamic geometry software for plane geometry. But only in 

2004, Cabri 3D came. Like Cabri 2 Plus, it gives a dynamic approach of space. It will be a 

revolution. The file below shows a very known paradox used by the painter Escher. It proves 

that this construction is a quite possible construction using cubes stuck in special positions.  

  
We must not forget that a figure is not a drawing and especially in a dynamic environment 

The file on the right side has 

been obtained with a complex 

sequence of constructions: 

this program of construction 

is called a figure. You can 

observe that, if we drag a 

special point the same figure 

can display a lot of different 

representations. 

One of them is the 

representation of the number 

1. 

 

  
 

If we drag this special circled 

point in the other direction, 

we obtain the representation 

of number 2. 

It doest prove at all that 

1 = 2... 

  



So, we must be aware that working in a dynamic environment needs to know that a figure is a 

program and that the same figure has a lot representations. The possibility to have a direct 

access to these different representations enriches enormously the approach of geometry and 

what is brand new the approach of space geometry with Cabri 3D 

 

 

2. FROM REAL LIFE TO ABSRACTION 

Let us begin with a real story. Before attending the ATCM congress in Hong Kong in 

December 2006, I  took the opportunity to cross the channel between Hong Kong Kowloon 

and the island of Hong Kong to visit the famous convention Center where officialy Hong 

Kong came back to China. On the pictures below you can see that I have used the famous Star 

Ferry to cross the Victoria harbour 

  
 

After a few minutes spent in the great hall of the Convention Center, I was really attracted 

with a gorgeous cylindric light. 

 
This is the first picture I have taken when I was getting 

down one of the escalators. 

The picture on the right shows how intrigated I was. 

 
 

The next picture was the one I have taken when a math problem came to my brain. The tourist 

was becoming a researcher. 



 

I noticed that all of that was starting 

with a regular decagon on which the 

architect has put vertical equilateral 

triangles. My problem was: 

 Is this light built with equilateral 

vertical triangles and where is the 

cylinder I have the impression to 

see when I see this light ? 

 

So, back to my hotel, I sat in front of my laptop to construct the first figure below; on one side 

of a regular decagon, I built a vertical equilateral triangle. To start the tessalation I have 

conjectured in my mind, I rotated this triangle around the vertical axis of the decacon to 

obtain a second vertical equilateral triangle (the angle of the rotation is defined in order to pap 

point 1 on point 2). But when I created the triangle linking these two triangles, the 

measurement of its angles gave 61°,61° and 58°. So my conjecture was not validated. 

 

  
 

So I decided to try another experimentation: instead of constructing a vertical equilateral 

triangle on one side of the regular decagon, I built another one having its third vertex on the 

cylinder which is the product of the circle in wich the decagon is unscribed and the the 

vertcical axis of the decagon. The second figure below shows that the conjecture seems to be 

validated. So I decided to continue the construction to obtain a really good model of the light 

of the convention center. I have not done the demonstration but I am sure at 100% that it is 

true.. 



 
 

 

 

3. CURVES OF FUNCTIONS 

3.1. An historical approach of conics 

It is possible to display the intersection between a cone and a plane in different cases. Cabri 

3D knows that this intersection is an ellipse or an hyperbola 

 

  
We have added another view to check the position of the plane: we can see the angle between 

this plane and a plane tangent to the cone. 

 

The next file has been obtain with a special construction to be sure that the plane is really 

parallel to a tangent plane to the cone. That is checked on the second view we have displayed 

 

 

 



Cabri in this case says that the 

intersection is a parabola. 

 
 

3.2. The curves of the square and inverse functions  

We have displayed on two blackboards with a system of axis two conics, each of them 

passing through five particular points 

On the first blackboard Cabri has created a conic passing through the 5 points (-2;4), (-1;1), 

(0;0), (1;1) and (2;4). Cabri recognizes it as a parabola. We have created a point (x;x²); we 

have used the tool “measurement transfer” on each axis applied to x and x² (with x belonging 

to a segment [ab] of the x axis). This point belongs to this conic (it is an observation). More, if 

we drag point x and let the trace of the point (x;x²), we can see the curve of the square 

function which is superimposed to the previous conic. 

A nice question to answer would be:  

Is the curve of the square function the intersection between a palne and a cone in the 

meaning of Appollonius? 

The answer to this question is yes and the Cabri proof will be given at the end of this paper 

  
On the second blackboard Cabri has created a conic passing through the 5 points (-2;-1/2), (-

1;1) (1/2;2), (1;1), (2;1/2), and (2;4). Cabri recognizes it as a conic. We have created a point 

(x;1/x) with x belonging to a segment [ab] of the x axis. This point belongs to this conic (it is 



an observation). More, if we drag point x and let the trace of the point (x;1/x), we can see the 

curve of the inverse function which is superimposed to the previous conic. 

Another nice question to answer would be:  

Is the curve of the inverse function the intersection between a plane and a cone in the 

meaning of Appollonius? 

The answer to this question is also yes and the Cabri proof will be also given at the end of this 

paper 

 

3.3. An experimentation for a geometric function 

You can see on the table below a dynamic truncated cube: it has been cut with a perpendicular 

plane to the diagonal [AB] passing through a point m of this diagonal. We have measured the 

distance Am and the volume of the truncated cube V. We have transfered these measurements 

on to the axis represented on the blackboard and created the point having as coordinates AM 

and V. We have activated the trace of this point and started and animation of m along [AB]. 

Therefore, we have obtained the curve of the function f so that V= f(Am). The shape of this 

curve leads us to conjecture that this fonction f is not a quadratic one but possibly a cubic 

which is not quite simple to prove because the secti of tha cube could be a triangle or an 

hexagon and the calculation of the volume is not easy when this section is an hexagon. But 

this experimentation helps the researcher to go in the good direction.  

 

 
 

3.4. A curve on a cylinder 

In this example, the variable x is the distance between a fix vertex of a segment and another 

point of the segment. This distance is transfered on a circle from a special point. The value of 

sin(x) is obtained with the calculator of Cabri and transfered on a vector of the cylinder in 

green on the figure below. 



 
 

 

4. SOLIDS OF REVOLUTION 

4.1. The techniques 

Here a very nice solid of revolution 

that can be obtained in using the 

function y = 2 + sin(x). 

It is possible alsa to sisplay bthe 

intersection between this solid and 

any plane. 

We will explain the techniques to 

realise such a file.  

 
 

Using the tool “Trace” we have displayed the curve of the function y = 2 + sin(x) which is not 

necessary to obtain the solid. This representation is programmed only on a segment of the x 

axis. 

The important step is the creation of the circle having as an axis the x axis and passing 

through a point of the previous curve. If the trace of this circle is “ON”, an animation of point 

x along the red segment give the shape of the solid as a set of circles. 

To obtain the representation of the intersection between this solid and and  a plane, we have 

created the points I1 and I2 which are the intersection between the initial circle and the plane. 

If the traces of I1 and I2 are “ON”, an animation of x give the intersection we wanted to get 

 



  
 

  
 

4.2. Other possibilites 

On the right, we have used tha same function 

but another axis in space for the axis of the 

solid of revolution. 

 
 

4.3. Other examples 

The first example below has been obtained with the curve of the function y = x²-6x on the 

interval [0;6] and with the y axis as the axis of the solid. 

The second example below has been obtained with the curve of the function y = 4*sinx on an  

interval [0;6] but the variable axis is the y axis. The axis of revolution is syill the y axis. 

 



 
 

 

5. SURFACES z = f(x;y) SETS OF LINES 

5.1. An example of surface z = u(x)y+v(x) 
In this case, a section of this surface with a plane parallel to the yz plane is a line because x is 

constant (the equation of the section is z =u*y+v). As we have limited the representation of 

the surface on a rectangle of the xy plane, we have created the section of this surface with a 

plane parallel to the uz plane which is the segment [AB]. 

A and B have been constructed in transferring on the two red vectors (which are parallel to the 

z axis) the numbers: 

zA = u(xA)*yA+v(xA), here zA = 0.5*(xA)²*yA-xA obtained with the calculator. 

zB = u(xB)*yB+v(xB), here zB = 0.5*(xB)²*yB-xB obtained with the calculator. 

 

 
When the trace of the segment [AB] is “ON”, 

we start an animation of point x along the red 

segment and we obtain the shape of the 

surface on the right 
 

 

5.1. An example of surface z = u(y)x+v(y) 
The technique is similar to the previous one t represent a part of the surface z = x*y². We have 

added a technical view used to check the shape of special sections with planes paralel to to the 

yz plane. 



  
 

6. SURFACES z = f(x;y) IN ALL CASES 

6.1. With Cabri 3D 

To represent the surface z = 3+ sin(x)+cos(y) 

defined on the green rectangle, we create a 

point x on the segment [AB] and 8 points 

having the abscissa x belonging to 8 

segments parallel to [AB]. 

We display the coordinates of this 9 points 

and we calculate z for thes 9 points. 

This 9 measurements are transferred on 

vertical vectors to get 9 points of the surface. 

 
  

To visualize the 9 sections with parallel 

planes to the xz plane, we put the trace “ON” 

for this 9 points and we start an animation of 

point x. The result is shown on the right.  

It is not very good to have an idea of the 

shape of the surface. The reason is that we 

have not the tool locus which would allow us 

to program more quickly and to display more 

sections. 

 
 

  

 



6.2. With Cabri 2 Plus in military perspective 

The result obtained with Cabri 2 Plus is a lot 

better. The red and the purple sections are 

obtained as loci of a point (x;y;f(x;y)) when x 

belongs to a segment of the x axis and y 

belongs to a segment of the y axis. The other 

sections in blue are obtained as a loci of loci. 

On the right we have a nice result. This figure 

is very powerful because the displayed 

fonction is an expression that can be changed 

at any moment to give the shape of any 

surface. 

 
 

7. SQUARE AND INVERSE FUNCTIONS AS INTERSECTIONS BETWEEN A 

PLANE AND A CONE 

7.1. The curve of the square function is a parabola in the meaning of Appollonius 

It is possible to create a cone cutting the plane of the blackboard in a parabola. It is possible to 

drag the big red point so that this parabola become superimposed to the parabola y= x² as 

swhown below. 

 

 

 

7.1. The curve of the inverse function is a hyperbola in the meaning of Appollonius 

 



It is exactly the same thing with 

the hyperbola y = 1/x 

The point that can be dragged is 

now on the x axis. 

The intersection between the 

cone and the blackboard is an 

hyperbola which is here 

displayed in purple. 

 
 

It is, as shown on the right, 

possible to superimposed this 

hyperbola to the hyperbola y = 

1/x. 

 
 

8. VOLUME OF A SOLID OF REVOLUTION 

The experimentation which is discribed below allows us to give an approximate value of a 

volume of revolution. This solid is obtained with the curve of the quadratic function y = 

0.15*(x-a)+1 only on the interval [a ; b]. 

First, we need to cut this segment in 20 equal segments: we got it in creating 19 lines passing 

through a point I of the horizontal plane. These lines cut segment [ab] in points where a 

special point x will be redefined 

 



 
This figure shows how we have cut this 

segment [ab].  
Here is the solid of revolution built with the 

technique presented before. 

 

The following step is the creation of a cylinder having the axis of the solid as its own axis. 

This cylinder is the product of a circle centered on a point x of [ab], having 0.15*(x-a)+1 as a 

radius and a vector equal to 
20

ba
uur

 having x as an origin. x is defined as the intersection of one 

of the 19 previous lines and segment [ab]. The volume of this cylinder is displayed: this data 

is copied on an excel sheet. 

We begin to do that when x lies on the first intersection after a. 

Then, x is redefined as the second intersection: the new volume is copied on the excel sheet. 

We continue using the same technique until x is redefined for the last time as point b.  

So 20 data have been caught on the excel sheet. 

 

 
On the right we can see a part of the excel 

sheet 

 
 

We have calculated the sum of these 20 data and we have obtained on Excel :466,136 cm
3
. 

Using the derive module of a TI-92 calculator, we have calculated the real volume with the 

integral (0.15*( )² 1)².

b

a

x a dxπ − +∫  and with the approximate values of a and b read on the 

Cabri 3D file (a and b are first displayed with the maximum of digits). We have obtained: 

453.539 cm
3
. So the percentage of error is less than 3% which is very good: we can check on 



the next figure that the 20 cylinders we have used are bigger than the part of the solid we want 

to evaluate. 

 

 
 

This technique is what we call in french didactics an instrumentation, because we can teach in 

the same time the use of the woftware and mathematical knowledge. So a student able to do 

this construction with the collection of data from Cabri to Excel is a student who has 

understood the technique of Riemann to approximate the value of a solid of revolution. More 

than that, he is able to use information tools to improve the understanding of the evaluation of 

a volume with an integral. 

 

9. CONCLUSION 

All the examples I have presented in this paper are examples that has been created especially 

with the use of the new tools provided in the last version of Cabri 3D. This tools are: 

 

“Redefinition” under the first icon 

 
 

“Arc” under the third icon 

 
 



“Measurement transfer” and “Trace” under 

the fifth icon 

 
 

All the tools under the last icon which is 

brand new 

 
 

So Cabri 3D improves with these new tool the possibilities of experimentations in space. The 

role of the concept of function is more and more important to understand the objects that can 

be created and how they can be animated to be treated in a real heuristic way. 

 

Note : 

All the files used all along this paper are available for everybody. They will be given to 

everyone who will attend my presentation. They can be sent by email to everyone who will 

ask for them at jjdahan@wanadoo.fr. 

 

 

 

 


